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Equilibrium magnetization states in thin spherical shells of a magnetically soft ferromagnet are
determined by the competition between two interactions: (i) The local exchange interaction favors
the more homogeneous onion state with magnetization oriented in meridian directions; such a state is
realized in relatively small particles. (ii) The nonlocal magnetostatic interaction prefers the double-
vortex configuration with the magnetization oriented in the parallels directions, since it minimizes
the volume magnetostatic charges. These states are topologically equivalent, in contrast to the
same-name states of magnetic nanoring. As a consequence, a continuous (the second order) phase
transition between the vortex and onion states takes place. The detailed analytical description of
the phase diagram is well confirmed by micromagnetic simulations.
PACS numbers: 75.75.-c, 75.75.Fk, 75.78.Cd,75.40.Mg
I. INTRODUCTION
Topological magnetization structures provide new
properties to hosting nanomaterials, attracting intensive
fundamental research as well as numerous applications
to processing [1–4] and information-storage devices [2, 5–
10]. Examples include domain walls [11], vortices [11, 12],
skyrmions [13, 14].
The modern tendency is to extend flat structures into
three dimensional (3D) space: the mutual cooperation
between topology and curved geometry results in a rich
physics as well as in a novel functionality, forming a new
topic of a magnetism in curved geometries, for a review
see Ref. [15]. A thin spherical shell can be considered as
one of the simplest 3D object, a bridgehead for study-
ing the interplay of topological structures with a cur-
vature of underlying surface. In order to elucidate the
problem, we recall some topological issues for magne-
tization distribution in narrow magnetic rings as a 2D
counterpart of this 3D object. The magnetization struc-
ture of nanorings is well–known [12, 16–18] to form vortex
and onion equilibrium states. The stability of non-trivial
magnetization configuration can be explained by means
of topological reasons. In the case of a ring, the topo-
logical properties of a planar magnetization distribution,
mx+ imy = exp(iφ), on a closed loop γ can be described
by the pi1–topological charge, a vorticity (or a winding
number), q = 1/(2pi)
∫
γ
dφ ∈ Z. This results in q = 1
for the vortex state and q = 0 for the onion state, see
Fig. 1(a). Therefore these magnetization states belong
to the different homotopy classes. As a result the vor-
tex state can not be continuously transformed into the
onion state and vice versa if the magnetization remains
in the plain of the ring. Separated by the energy barrier,
the transformation from the onion to the vortex state
occurs for the narrow rings as the first order phase tran-
sition [18].
Now we consider the spherical shell: due to the addi-
tional space dimension, one can remove the topological
difference between the onion and the vortex states. More-
over the onion state of the spherical shell can be consid-
ered as a limit case of the vortex state, see Fig. 1(b).
According to the Poincare–Hopf theorem the magnetiza-
tion of a spherical shell can not be everywhere tangential
to the shell surface, even for the case of a strong easy-
surface anisotropy. Thus the double-vortex state with
two diametrically opposite vortex cores appears [19, 20].
The topological properties of a 3D vector field m on a
closed surface S are determined by the pi2–topological
charge Q = 1/(4pi)
∫
S
JdS ∈ Z (a skyrmion number) with
J being the the mapping Jacobian [21]. The skyrmion
number depends on mutual polarities of the vortex cores
[22]: Q = ±1 for the same polarities (both cores are mag-
netized inward or outward the sphere) and Q = 0 for the
opposite polarities. For the magnetically soft spherical
shell the state with Q = 0 is always energetically prefer-
able [20]. Thus we limit ourself with considering only
vortex state with opposite cores polarities, see Fig. 1(b).
The vortex and onion magnetization configurations be-
long to the same homotopy class and can be transformed
one into other in a continuous way.
In addition to fundamental reasons, an interest to
magnetic spherical shells is stimulated by experimental
advanced in production of spherical hollow nanoparti-
cles (spherical shells) as artificial materials with unusual
characteristics and numerous applications [24–32]. A
variety of equilibrium magnetization configurations for
spherical shells were identified in micromagnetic simula-
tions [20, 28, 29, 33] and interpreted based on experi-
ments [26, 28–32, 34]. Different theoretical models pre-
dicted dissimilar equilibrium states [19, 20, 33, 35–37].
In particular, according to Goll et al. [36, 37] homo-
geneous (monodomain), two-domain, four-domain, and
vortex states can be energetically preferable for spher-
ical nanoshells depending on geometrical and materials
parameters. Micromagnetic simulations by Kong et al.
[33] testified three different states at the phase diagram:
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2(a) Ring: pi1-topological charge q (vorticity)
q = 1
−1
+1
mr
q = 0
(b) Sphere: pi2-topological charge Q (skyrmion number)
Q = 1
−1
+1
mr
Q = 0
Figure 1: (Color online) Topology vs geometry: the
vortex and onion states in the case of a planar ring (a)
and spherical shell (b). The magnetization distributions
(green arrows) are obtained by means of micromagnetic
simulations for permalloy samples [23]. Nanorings have
the same inner radius Ri = 15 nm and outer radius
Ro = 20 nm, the thickness is h = 5 nm and h = 1 nm
for the vortex-state (left) and onion-state (right) rings,
respectively; vortex-state spherical shell (left) has inner
radius R = 15 nm and thickness h = 20 nm, the
onion-state shell (right) – R = 24 nm, h = 1 nm. Color
of the nanoparticle surfaces corresponds to the radial
component of magnetization. Magnetizations of both
poles are unidirectional.
homogeneous, vortex, and onion states.
The purpose of the current study is to systematize pos-
sible equilibrium magnetization states and to construct
the phase transition theory, which describes the trans-
formation of magnetization states with varying material
and geometrical parameters. We consider magnetically
soft spherical shells of various radii and thicknesses. As
we see below, the equilibrium magnetization state of a
very thin shell is the onion one [20]: it results from the
exchange interaction, which prefers the more homoge-
neous onion state with magnetization oriented in merid-
ian directions. As opposed the magnetostatic interaction
prefers the double-vortex state with the magnetization
oriented in the parallels directions, since it minimizes the
volume magnetostatic charges. That is why the ground
state magnetization of the rigid sphere forms the vor-
mr
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Figure 2: (Color online) Spherical shell: schematics
and notation. Green arrows correspond to the
magnetization distribution.
tex configuration [38]. The competition between the ex-
change and volume magnetostatic contributions results in
a second order phase transition between these two states:
this is the subject of the current paper.
The paper is organized as follows. In Sec. II we con-
sider a model of the spherical shell and discuss possi-
ble equilibrium states. The theoretical description of the
phase transition is presented in Sec. III; we compare theo-
retical results with micromagnetic simulations. In section
IV we present final remarks and discuss possible perspec-
tives. Some details concerning the energy calculation are
presented in Appendix A. The critical behavior is de-
tailed in Appendix B.
II. THE MODEL OF A THIN MAGNETIC
SHELL: ONION AND DOUBLE-VORTEX
SOLUTIONS
We consider a classical magnetically soft ferromagnet,
using the continuous description for the unit magnetiza-
tion vector m. The minimal model takes into account
two main interactions, which are described by the ex-
change energy E ex and the magnetostatic one Ems. The
total energy, normalized by E0 = 4piM
2
s V have the fol-
lowing form
E = E ex + Ems,
E ex = − `
2
2V
∫
V
dr
(
m ·∇2m) ,
Ems =
1
8piV
∫
V
dr (m(r)·∇)
∫
V
dr′ (m(r′)·∇′) 1|r − r′| .
(1)
Here Ms is the saturation magnetization, V is the char-
acteristic volume, ` =
√
A/4piM2s is the exchange length,
and A is the exchange constant.
3Let us specify the geometry as a thin spherical shell
(see Fig. 2) with inner radius R and thickness h. In
order to keep the constrain |m| = 1 we utilize the com-
mon angular parameterization of magnetization in local
spherical frame of reference
m = cos θ er + sin θ cosφ eϑ + sin θ sinφ eϕ, (2)
see Fig. 2 for the notations description. Here the angular
magnetic variables θ = θ(r) and φ = φ(r) describe the
magnetization distribution with respect to the spherical
coordinates (r, ϑ, ϕ) of the radius-vector r.
We limit our consideration by solutions of pi2–
topological class Q = 0, which are energetically prefer-
able in comparison with higher Q [20]. The correspond-
ing magnetization structures include topologically trivial
homogeneous magnetization distribution, the onion con-
figuration and the double–vortex state (the last consist of
two out-of-surface vortices with opposite polarities [20]).
The high symmetry of these configurations can be taken
into account by considering: (i) azimuthally symmetric
solutions only, i.e. the magnetization does not depend
on ϕ, (ii) the odd symmetry under the spatial inversion,
mr(pi − ϑ) = −mr(ϑ), and (iii) the uniform distribu-
tion along the radial direction, i. e. the magnetization
independence on r [39]. Following the symmetry of the
magnetization distribution, we limit ourselves by the two-
parameter Ansatz
θ(r) =

pi
2 − f(ϑ, λ), when ϑ ∈
[
0, pi2
)
,
pi
2 when ϑ =
pi
2 ,
pi
2 + f(pi − ϑ, λ), when ϑ ∈
(
pi
2 , pi
]
,
(3a)
φ(r) = pi − Φ. (3b)
According to Eqs. (3a), (3b) the coordinate dependence
of the magnetization is determined only by the polar an-
gle ϑ. There are two variational parameters: the declina-
tion angle Φ describes the slope of the magnetization with
respect the meridian direction and the core parameter λ,
which controls the range of out–of–surface magnetization
distribution situated on the sphere poles. The shape of
the out–of–surface profile is determined by the shape–
function f(ϑ, λ), which satisfies the following conditions:
f(0, λ) =
pi
2
, f
(pi
2
, λ
)
= 0. (3c)
Without loss of generality we suppose that the magne-
tization is directed outward at the north pole, m(ϑ =
0) = zˆ and inward at the south pole. To specify the
shape–function we use the exponential profile
f(ϑ, λ) =
pi
2
(
e−
ϑ
λ − eϑ−piλ
1− e−piλ
)
. (3d)
The exponential shape–function is a generalization of
well–known Feldkeller Ansatz [40], which is widely used
for the vortices in planar disks [17, 41].
Magnetization state E1 Declination angle Core size
double–vortex E1 < 0 |Φ0| ∈ (0, pi/2] λ0 ∈ (0,∞)
onion E1 > 0 Φ0 = 0 λ0 ∈ (0,∞)
homogeneous E1 > 0 Φ0 = 0 λ0 =∞
Table I: Equilibrium magnetization states in a
soft spherical shell: possible configurations and
corresponding variational parameters of the model (3).
For convenience we include the homogeneous
configuration as a limit case of the onion state.
The main merit of the Ansatz (3) is the possibility to
describe different equilibrium magnetization states, see
Table I:
(i) The double–vortex state is realized for finite Φ and
λ. The parameter λ describes the single vortex core size,
varying from λ = 0 for the pure in-surface vortex to
λ = ∞ for the homogeneous distribution. When ϑ >
λ, the magnetization has mostly in–surface components,
directed along the meridians (Φ = 0) for the very thin
shell [20] and along the parallels (Φ = ±pi/2) for the very
thick shell (rigid magnetic sphere) [38].
(ii) The onion state has no azimuthal magnetization
components, m ·eϕ = 0; in the main part of the shell the
magnetization is oriented along the meridian direction,
m = −eϑ, and only in the vicinity of the poles (ϑ < λ)
there appear the radial component [20].
(iii) The homogeneous magnetization configuration
m = zˆ formally corresponds to the limit case of the
onion state when λ → ∞, see Eq. (3d) and Appendix
B for details.
Being homotopically equivalent, all three configura-
tions can be continuously transformed to each other.
Therefore one can consider onion and homogeneous con-
figurations as limit cases of the double–vortex state: the
onion state corresponds to the limit Φ→ 0; additionally
to get the homogeneous configuration one has to consider
the limit λ→∞.
III. PHASE DIAGRAM
Let us consider the energetics of different states. We
apply the two-parameter Ansatz (3) to the general energy
expression (1): The exchange contribution can be derived
using the recent approach [18, 42] for the arbitrary curved
shell. One can compute the magnetostatic energy using
the Legendre polynomials technique in the way similar
to the magnetostatic energy calculation for monodomain
state in hemispherical caps [43, 44] and two-domain state
in spherical shell [36, 37]. Finally the energy reads, see
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Figure 3: (Color online) The energy landscape of a 3D shell: the total energy (4) as a function of variational
parameters Φ and λ for spherical shells with different geometrical parameters and the shape–function (3d). Solid
black and red lines correspond to the equilibrium values for variation parameters λ and Φ respectively. Intersection
of both lines means global energy minimum. The permalloy material parameters [23] are used.
the Appendix A for details:
E (ε, w;λ, Φ) = E on(ε, w;λ) + E1(ε, w;λ) sin
2
(
Φ
2
)
+ E2(ε;λ) sin
4
(
Φ
2
)
.
(4)
The energy depends on the geometrical parameter (the
aspect ratio ε = h/R) and the reduced exchange length
w = `/R. Besides, the energy is a function of variational
parameters: the declination angle Φ and the core param-
eter λ. Analysis shows that the energy term E1 results
from the competition of exchange interaction and the
magnetostatic one: it takes the positive value when the
exchange contribution dominates and the negative one
when the magnetostatic plays a key role, see Eq. (A5a).
The last energy term, E2, does not depend on material
parameter w and always takes positive values, E2 > 0;
the origin of this energy contribution is the volume mag-
netostatics only, see Eq. (A5b).
Equilibrium magnetization states can be found by min-
imization of the energy with respect to variational param-
eters. The equilibrium value of the declination angle [45]
Φ0 =

0, when E1 > 0,
±2 arcsin
√
− E1
2E2
, when E1 < 0.
(5)
The magnetization distribution in the onion state is
directed along the meridian, Φ0 = 0. The energy of the
onion state E on(ε, w;λ) is determined mainly by the ex-
change energy and surface magnetostatic charges, see the
Appendix A for details. The onion state becomes ener-
getically preferable under condition E1 > 0. The typical
energy landscape E (Φ, λ) is an one–well potential with
a well pronounced minimum at Φ0 = 0 and some finite
λ0 > 0, see Figs. 3(a), 3(b).
The double-vortex state with finite Φ0 6= 0 becomes
energetically preferable when E1 < 0. The energy of the
double-vortex state E v = E on − E 21 / (4E2) is determined
by both exchange and magnetostatic contributions. In
this case we get a double–well energy landscape, see
Figs. 3(c), 3(b): both minima of equal depth are sym-
metrical in the direction of the declination angle Φ. That
is why two different double-vortex states with opposite
chiralities are energetically equivalent.
The equilibrium value of the core parameter λ0 corre-
sponds to the energy minimum, ∂λE (ε, w;λ, Φ0)
∣∣
λ=λ0
=
0, which can be found numerically only. Specifically, us-
ing the numerical minimization procedure for the energy
(4), we compute the equilibrium values Φ0 and λ0 in a
wide range of R ∈ [0, 30] nm and h ∈ (0, 30] nm. The
onion state is found to be realized for spherical shells
with either small radii or small enough thicknesses. The
equilibrium declination angle Φ0 rapidly increases with
radius, reaching the limit value Φ0 = pi/2 for large radii.
The typical dependence Φ0(R) is shown in Fig. 4 for the
fixed thickness h = 10 nm and the optimized core pa-
rameters λ0(R, h) using the Permalloy material param-
eters [23]. The onion state, Φ0 = 0, is energetically
preferable for the small enough radii, R < Rc(h) with
Rc ≈ 8 nm for the chosen value h = 10 nm. When
R > Rc, the double-vortex state is realized, which is
characterized by finite values of Φ0 > 0, see Fig. 4.
In order to verify the numerical results based on the
model (3) we perform a series of micromagnetic simu-
lations in a wide range of radii R ∈ [1, 25] nm and shell
thickness h = 10 nm. For the simulations we used magpar
code [46, 47] with Permalloy material parameters [23].
Equilibrium states are determined using numerical en-
ergy minimization starting from the double-vortex and
homogeneous configurations. According to the simula-
tions the angle Φ practically does not depend on ϑ, this
is in agreement with the model assumption Eq. (3b). We
consider the value of pi − φ at the sphere equator as the
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Figure 4: (Color online) Equilibrium values of the
variational parameters. The declination angle Φ0 as
a function of inner radius for spherical shell with
thickness h = 10 nm. A solid line corresponds to the
numerically calculated values for Ansatz (3d). Red
circles correspond to the simulation data for the
permalloy parameters. A black dashed line is obtained
from the weakly nonlinear analysis (11). The inset
shows the equilibrium core parameter λ0 as a function
of the inner radius: the dotted green line
corresponds to λdisk.
equilibrium value Φ0. The angles Φ0 obtained in this way
using simulations are shown in the Fig. 4 by red circles.
The good agreement with the model predictions should
be noted. The core parameter λ also demonstrates a
good agreement with the model predictions, see the inset
in the Fig. 4. Let us make a link with the planar disk,
where the vortex core size ldisk ≈ √2` [40] under condi-
tion h ` [17]. This expression formally corresponds to
the value λdisk ≡ ldisk/R = w√2, which provides a good
enough estimation for the vortex core size in a spherical
shell, see inset in Fig. 4.
Now we summarize results on equilibrium magneti-
zation distributions. By comparing energies of differ-
ent states, one can calculate the energetically preferable
states for different geometrical parameters of the shell:
its inner radius R and the shell thickness h. Simulations
data are reproduced in Fig. 5. The general properties
of the phase diagram are as follows. The equilibrium
magnetization distribution of the very thin shell corre-
sponds to the onion state in agreement with previous
studies [20, 33]. As opposed to this case the ground state
of the large enough rigid sphere (R = 0 and h  `) is
the vortex state [36, 38, 48]. For the finite shell radii
the transition from the onion state to the vortex one oc-
curs as the thickness increases. In order to compute the
boundary between two phases we build numerically the
dependence Φ0(R) in the way described above for the
range of thicknesses h ∈ [1; 25] nm with step ∆h = 1 nm
[49]. The critical value of the radius Rc(h) is determined
as the inflection point, ∂2RΦ0(R, h)
∣∣∣
R=Rc
= 0. The ob-
tained values Rc are shown in Fig. 5 by open squares.
Let us describe theoretically the critical behavior. The
equilibrium declination angle Φ0 takes zero values in the
onion state, which corresponds to E1 > 0. It rapidly
increases with radii following the critical square root be-
havior, see Fig. 4. Finally we get the finite value of Φ0
in the double–vortex state, E1 < 0. Therefore we expect
the second order phase transition at E1 = 0. We base our
theoretical treatment of the phase transition on the en-
ergy approach. To derive the critical behavior we expand
the energy (4) in series on Φ at Φ = 0:
E = E on + E1
Φ2
4
+
(
E2 − E1
3
)
Φ4
16
+ O
(
Φ6
)
. (6)
It is important to emphasize that the Φ4-term in Eq. (6)
is always positive when E1 < 0, i. e. in the double-vortex
phase. This means the stability of the double-vortex so-
lution. In the onion phase the energy term E1 becomes
positive. At the transition point E1 = 0 one has E on = E v
and ∂λE on = ∂λE v. Thus the transition is continuous
with respect to parameter λ.
The boundary between two phases, i. e. the critical
curve, can be derived using the following conditions:
E1 (εc, w, λc) = 0, ∂λE
on (εc, w, λ)
∣∣∣
λ=λc
= 0. (7)
By excluding λc from the set (7), one obtains an equation
for the critical curve εc(w) which separates two phases in
space of the geometrical parameters. This critical curve,
recalculated in terms Rc(h), is shown in Fig. 5. There
is a good agreement with simulations data for the all
range of parameters except h > 3`, where the assumption
about the magnetization uniformity along the thickness
is violated, see Fig. 5(c).
The critical curve can be calculated analytically in two
limit cases. In the case of small radii one can use the
uniform limit, which results in
Rc
`
≈ 2
√
2− 2
3
h
`
, (8)
see the Appendix B for details; the asymptote (8) is
shown by the solid line in Fig. 5.
Now we consider the opposite case of the large radii
shells. The critical behavior is characterized as follows
(see the Appendix B for details):
Rc
`
≈ 1.59
(
`
h
)2/3
. (9)
According to Eq. (9) for each thickness h there always
exists a critical radius Rc, such that the onion state is
energetically preferable one when R < Rc, and the vortex
state has the lower energy when R > Rc.
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Figure 5: (Color online) Phase diagram of equilibrium magnetization structures in the spherical shell.
Symbols correspond to the border between the onion and the double-vortex states obtained using simulation data.
Solid blue line corresponds to theoretically calculated phase boundary as a numerical solution of (7) with account of
the two-parameter Ansatz (3). Solid black line corresponds to the asymptote (8). Dashed brown line corresponds to
the fitting (10). Outsets (a)–(c) show the equilibrium magnetization configurations for specified radii and
thicknesses. Solid green and dashed orange curves are the isolines mr = 0.7 obtained from micromagnetic
simulations and analytics, respectively.
Finally one can fit the boundary between the onion and
the double–vortex states, obtained from the simulation
data, in a wide range of parameters by the function
Rc
`
≈ C0 + C1
(
h
`
)− 23
− C2h
`
, (10)
where C0 = 2.1, C1 = 0.98, C2 = 0.64, see the dashed
brown line in the Fig. 5.
Now being in possession of critical parameters, we are
able to perform the weakly nonlinear analysis. At vicin-
ity of the critical curve one can use the expansion (6). We
consider the double-vortex phase near the critical param-
eters: ε = εc and w = wc − δ with |δ|  1. Using the
asymptotic behavior (B2) and (B4) for critical parame-
ters we get
Φ0 ≈ ψ0
√
1− w
wc
,
ψ0 =
8εcw
2
cg1(λc)
E2(εc, wc;λc)
≈
{√
15, when wc  1,√
3, when wc  1.
(11)
In terms of R and h this results in Φ0 ∝
√
1−Rc(h)/R,
which is well pronounced in the Fig. 4. In physics of
nonlinear dynamic such behavior corresponds to the su-
percritical pitchfork bifurcation [50].
IV. DISCUSSION
Magnetic nanoparticles found a wide range of techno-
logical and biomedical applications [25, 51, 52]. Promis-
ing examples of effective combination of different ma-
terials and shapes include core/shell nanoparticles [52],
7hemispherical Janus motors [53], and hollow magnetic
spheres; they are widely used for drug delivery by mag-
netic field manipulation [32, 54, 55]. Magnetic properties
of nanoparticles and field response significantly depend
on geometry. Therefore the systematic analysis of pos-
sible equilibrium magnetization states is of essential im-
portance. In the current study performed such analysis
and constructed the theory of phase transitions in the
spherical shells of a soft nanomagnet. We found existence
of two different magnetization states depending on geo-
metrical parameters (the inner shell radius R and thick-
ness h), see the diagram of ground states in Fig. 5: (i)
The onion state with the magnetization oriented mostly
along meridians is typical for small enough thicknesses.
(ii) The double–vortex state with the magnetization ori-
ented mostly along parallels is preferable one in the op-
posite case. A second order phase transition in the space
of geometrical parameters takes place between these two
phases. All analytical results are verified by means of
micromagnetic simulations.
Let us compare results of this paper with previ-
ous studies. In particular, equilibrium magnetization
states in spherical caps were investigated experimentally
[26, 28–31], numerically [28, 29, 33], and theoretically
[19, 20, 33, 36, 37]. Goll et al. [36, 37] classified possible
equilibrium magnetization distributions as double-vortex
state and strictly uniform one. However, it is well known
[56] that the strictly homogeneous distribution is not al-
lowed due to stray field effects, except the case of the rigid
sphere. Underestimation of stray field energy effectively
shifts the boundary between the monodomain state and
the double-vortex one to the region of higher radii, see
violet filled circles in Fig. 6(a); according to our analysis
this curve lies in the double-vortex state. More essential,
the crudeness of the model (not enough sensitive Ansatz)
can drastically change the type of the phase transition:
the first order transition according to Refs. [36, 37] in-
stead of the second order phase transition according to
the current study. One has to mention the coincidence of
results by Goll et al. [36] with our theoretical curve (blue
line) at the limit case R = 0, which corresponds to the
rigid sphere with Rspherec , see Fig. 6(c).
More precise technique was used in Ref. [33], where a
planar ring symmetry consideration [57] was extended to
a 3D spherical shell. More specifically, Kong et al. [33]
distinguished strictly uniform, onion and vortex states
which results in a three-phases diagram, see green line in
Fig. 6(b). The curve for the boundary with a double–
vortex state is in a good agreement with out simula-
tions, see red open squares and green open triangles in
Fig. 6. Apart this curve, one more boundary was iden-
tified in Ref. [33]: the green line with open circles sepa-
rates the onion and uniform states, see Fig. 6(b). This
curve correspond to sample size comparable with the ex-
change length, for which the exchange energy definitely
dominates over all other contributions. That is why the
magnetization distribution of small radius shell in the
onion state was difficult to distinguish from the pure uni-
0 1 2 3 4 5
1
2
3
4
5
6
h/`
R
/`
Simulation
Exponential ansatz
0 1 2 3 4 5
1
2
3
4
5
6
h/`
R
/`
Simulation
Exponential ansatz
0 1 2 3 4 5
1
2
3
4
5
6
h/`
R
/`
Simulation
Exponential ansatz
0 1 2 3 4 5
1
2
3
4
5
6
h/`
R
/`
Simulation
Exponential ansatz
(a)
double-
vortex
uniform (b)
uniform
onion
double-
vortex
(c) Goll et al.
Kong et al. Rsl R
s
uR
sphere
c
Goll et al.Kong et al.
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points correspond to the lower Rsl and R
s
u bounds for
the critical radius according to Brown’s fundamental
theorem [56, 59–61].
form one.
Our analysis verifies the continuous transition between
double-vortex and onion state. To distinguish vortex and
single-domain (onion) state we used the Ansatz (3) with a
variable inclination angle Φ. This approach allows to get
a boundary between different equilibrium magnetization
states in good agreement with simulation data, see Fig. 5.
It is instructive to discuss the limit case of a rigid
sphere. In this limit Brown’s fundamental theorem
[56, 59, 60] provides lower and upper bounds for the crit-
ical radius: Rsl ≈ 3.61` and the upper bound (corrected
by Aharoni [61]) Rsu ≈ 4.32`. When the sphere radius
is smaller than the critical value, R < Rsc ∈ (Rsl ;Rsu),
the magnetization configuration forms a strictly homoge-
neous monodomain state. The sphere can be considered
as a limit case of spherical shell. Therefore one can con-
sider the homogeneous state (valid for the sphere) as a
limit case of the onion state (valid for the spherical shell).
Let us apply the asymptotic result (8) to the limit case of
the rigid sphere, R = 0. Then the thickness of the shell
h determines the radius of the sphere with the critical
value Rspherec = 3
√
2` ≈ 4.24`, which is closed to the
critical value, obtained by micromagnetic simulations,
Rspherec ≈ 3.62`. This result is also in agreement with
above mentioned Brown’s bounds, see outset in Fig. 6.
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Appendix A: Energy calculation details
The purpose of this appendix is to derive the energy
(4). We use the energy functional (1) and apply the two-
parameter Ansatz (3).
Let us start with the exchange energy calculation. Re-
cently the full 3D theory for thin magnetic shells of ar-
bitrary shape was put forth in Ref. [18, 42], see Ref. [15]
for a review. The normalized exchange energy E ex, see
Eq. (1):
E ex =
`2
2V
R+h∫
R
dr r2
2pi∫
0
dϕ
pi∫
0
dϑ sinϑW ex[θ, φ], (A1)
where the exchange energy density reads [42]
W ex[θ, φ] = [∇θ − Γ ]2 + [sin θ (∇φ−Ω)−cos θ∂φΓ ]2.
Considering the spherical geometry we normalize the en-
ergy using the sphere volume V = (4/3)piR3; the tangen-
tial vector Γ (φ) = −r−1(cosφ eϑ+sinφ eϕ) and the spin
connection Ω = −r−1 cotϑeϕ.
Now we substitute the Ansatz (3) and perform the in-
tegration over r and ϕ, which results in
E ex(ε, w;λ, Φ) = w2ε [g0(λ)− g1(λ) cosΦ] . (A2)
Here g0 and g1 are determined by the profile of the shape–
function f(ϑ, λ) in the following way
g0(λ) =
3
2
pi/2∫
0
dϑ sinϑ
[
(∂ϑf(ϑ, λ))
2 + 1
+ sin2 f(ϑ, λ) + cot2 ϑ cos2 f(ϑ, λ)
]
,
g1(λ) = 3
pi/2∫
0
dϑ
[
cosϑ sin f(ϑ, λ) cos f(ϑ, λ)
− sinϑ ∂ϑf(ϑ, λ)
]
.
In order to calculate the normalized magnetostatic en-
ergy Ems, see Eq. (1), we utilize the expansion
1
|r − r′| =
1
r>
∞∑
l=0
l∑
m=−l
(
r<
r>
)l
(l −m)!
(l +m)!
× Pml (cosϑ)Pml (cosϑ′)eim(ϕ−ϕ
′),
where r< = min(r, r
′), r> = max(r, r′), and Pml (cosϑ)
is the associated Legendre polynomial [64]. Substituting
now the Ansatz (3) into Ems and performing the integra-
tion over space coordinates one obtains the expression
Ems(ε;λ, Φ) = Ems0 (ε;λ)− Ems1 (ε;λ) cosΦ
+ Ems2 (ε;λ) cos
2 Φ.
(A3)
Here Ems0 and E
ms
2 originate from surface and volume ef-
fective magnetostatic charges, respectively, and Ems1 rep-
resents the interaction of these charges.
Due to the high symmetry of the two-parameter
Ansatz the energy contributions has a relatively simple
form
Ems0 (ε;λ) =
3
2
∞∑
l=1
Fl(ε)A
2
l (λ),
Ems1 (ε;λ) = −
3
2
∞∑
l=1
Gl(ε)Al(λ)Bl(λ),
Ems2 (ε;λ) =
3
2
∞∑
l=1
Gl(ε)B
2
l (λ).
(A4)
The shape-function determines the values of Al(λ) and
Bl(λ): only odd harmonics survive for the symmetry rea-
son:
Al(λ) =
1− (−1)l
2
pi/2∫
0
sinϑ sin f(ϑ, λ)Pl(cosϑ)dϑ,
Bl(λ) =
1− (−1)l
2
(l + 1)
pi/2∫
0
cos f(ϑ, λ)
× [Pl+1(cosϑ)− cosϑPl(cosϑ)] dϑ.
Parameters Fl and Gl depend on the aspect ratio ε:
Fl(ε) =
1
l + 2
[(3l + 2)α(ε) + 2l(l + 1)βl(ε)] ,
Gl(ε) =
2
l + 2
[α(ε)− βl(ε)] ,
where we use the following notations
α(ε) =
1
3
[
(1 + ε)3 − 1] ,
βl(ε) =

ln(1 + ε), when l = 1,
1
l − 1
[
1− 1
(1 + ε)l−1
]
, when l > 1.
Note that Gl ≈ ε2 and Fl ≈ ε
[
2(l + 1)2 + l
]
/(l + 2) for
the case ε  1. It is important to stress a very rapid
convergence of series (A4) on l: in our analysis we limit
ourselves by terms with l = 1 only, which provides the
accuracy of the magnetostatic energy calculation of about
6%.
Now we sum up the information about different energy
contributions. According to Eq. (1), the total energy
9is a combination of the exchange energy (A2) and the
magnetostatic one (A4):
E = E on + E1 sin
2(Φ/2) + E2 sin
4(Φ/2). (4′)
Here E on and E1 depend on geometrical parameter ε, the
material parameter w, and the variational core parame-
ter λ:
E on(ε, w;λ) = w2ε [g0(λ)− g1(λ)] + Ems0 (ε;λ)
− Ems1 (ε;λ) + Ems2 (ε;λ),
E1(ε, w;λ) = 2w
2εg1(λ) + 2E
ms
1 (ε;λ)
− 4Ems2 (ε;λ).
(A5a)
The last term E2 is not affected by the reduced exchange
length w, this energy is caused by the magnetostatic con-
tribution of the volume charges only:
E2(ε;λ) = 4E
ms
2 (ε;λ). (A5b)
The energy term E1 appears as a competition of exchange
interaction and the magnetostatic one: in the case w  1
(small radii) the exchange contribution dominates, hence
E1 > 0 and the onion state is realized. In the case ε 1
(thick shells) the contribution of the volume magneto-
static charges overcomes the exchange term, E1 < 0 and
the double-vortex state becomes preferable.
Appendix B: The critical curves
In order to compute the critical curves εc(w) we use
the set of Eqs. (7). The analysis can be done in two limit
cases.
In the limit case w  1 one gets a homogeneous mag-
netization distribution m = zˆ, which can be described
by the shape–function
f(ϑ, λ) =
pi
2
− ϑ. (B1)
Formally, this corresponds to Eq. (3d) under the limit
λ→∞. Proceeding in Eqs. (7) to this limit, we get
εc = 3
√
2w − 3
2
+ O
(
1
w
)
. (B2)
In terms of R and h this asymptote takes the form
Eq. (8).
In the opposite case w  1 the vortex core size λc  1,
hence the shape–function (3d) becomes singular. That is
why to consider the critical behavior for the large radii
we modify the shape–function f(ϑ, λ) using the linear
profile
f(ϑ, λ) =
{
pi
2
(
1− ϑλ
)
, when ϑ ∈ [0, λ),
0, when ϑ ∈ [λ, pi2 ). (B3)
In the main approach on the small w  1 we get the
following asymptote behavior
λc = 1.12
√
w + O
(
w3/2
)
,
εc = 2w
5/2 + O
(
w7/2
)
.
(B4)
Finally, this results in Eq. (9).
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